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We use data from galaxy-galaxy weak lensing to perform a novel test on General Relativity (GR).
In particular, we impose strong constraints using the torsional (teleparallel) formulation of gravity
in which the deviation from GR is quantified by a single parameter α, an approximation which
is always valid at low-redshift Universe and weak gravitational fields. We calculate the difference
in the deflection angle and eventually derive the modified Excess Surface Density profile, which is
mainly affected at small scales. Hence, confronting the predictions with weak lensing data from the
Sloan Digital Sky Survey (SDSS) Data Release (DR) 7 we obtain the upper bound on the deviation
parameter, which, expressed via the dimensional percentage in the universe energy content, reads
as log10 Ω
0
α ≤ −18.16± 0.63. To our knowledge, this is the first time that GR is verified at such an
accuracy at the corresponding scales.
PACS numbers: 98.80.-k, 04.80.Cc, 04.50.Kd, 98.80.Es
Introduction – As has been initiated by Einstein over
a century ago, investigations on the relation between
gravitation and geometry provide insightful views on the
nature of spacetime. Nevertheless, slight modifications
from General Relativity (GR) have been proposed to ex-
plain cosmic acceleration at late and early times [1]. Such
deviations from GR can be formulated either in the usual
curvature formalism [2], or in the equivalent torsional
(teleparallel) one [3]. Recently, it has become known that
observations of the Large Scale Structure (LSS) of the
Universe can be an effective probe to examine cosmolog-
ical paradigms [4, 5]. Accordingly, it is suggested that a
mild tension exists between the Cosmic Microwave Back-
ground (CMB) and LSS observations [6], hinting towards
the possibility of a new theoretical framework beyond Λ-
Cold-Dark-Matter (ΛCDM) cosmology or even beyond
GR. Hence, it is interesting to explore GR and its alter-
natives in the context of LSS probes.
Measurements of gravitational lenses are very efficient
towards such a direction. For instance [7] uses gravita-
tional lensing to test Emergent Gravity, while [8] studies
the lensing potential around void regions based on the
assumption of Cubic Galileon and Nonlocal gravity cos-
mologies. In particular, in this approach one typically
considers a usual Schwarzschild geometry in the frame-
work of GR and modifies the excess gravitational po-
tential by introducing mass components that yield ad-
ditional impacts on the Excess Surface Density (ESD)
profile. Thus, it is natural to test theories of modified
gravity using weak lensing measurements in various ex-
perimental environments, such as void lensing [9], clus-
ter formation and its density profile [10], cluster lensing
[11, 12], etc. However, in most of pioneer studies the ef-
fective lensing potential has been treated as the average
of two scalar potentials from the metric perturbation fol-
lowing the geodesic equation. Nevertheless, this in fact
fails to consider the geometric contribution to the local
Euclidean definition of angle, which was first pointed out
in [13], if one attempts to deal with no asymptotic flat-
ness of Schwarzschild-de Sitter (SdS) spacetime.
In this Letter we use the new observational signa-
tures on light-bending geometry to present an innova-
tive method of testing GR, by using weak galaxy-galaxy
lensing measurements. In particular, possible deviations
from GR, quantified using the torsional formalism for
convenience, alter the space-time geometry and thus they
affect the light bending [14]. Hence, with such an impli-
cation on light-bending geometry we show that the ESD
profile at small scales can be sensitively affected, and
therefore it is expected to be probed by astronomical ob-
servations. In order to illustrate the capability of this
new method, we make use of the galaxy group catalog
and weak lensing shear catalog developed from the Sloan
Digital Sky Survey (SDSS) Data Release (DR) 7, to test
possible deviations from GR.
Formalism – We begin with a brief discussion on tor-
sional formulation of gravity following [3]. First of all,
in this framework the (equivalent of) GR Lagrangian
reads as LGR = T − 2Λ, where Λ is the cosmological
constant and T the torsion scalar that arises from con-
tractions of the torsion tensor, similarly to the use of the
Ricci scalar that arises from contractions of the curvature
tensor in standard GR. In a cosmological background of
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric
the torsion scalar becomes T = −6H2, where H is the
Hubble function, while for a spherically symmetry space-
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2time we acquire T ∝ r−2, where r is the radial coor-
dinate. Hence, in the case of low-redshift Universe and
weak gravitational fields that we focus in this work, any
deviation from GR can be quantified as follows
f(T ) = −2Λ + T + αT 2 +O(T 3) , (1)
where the parameter α has units of length squared.
It has been shown that for the theory (1) there exists
a general class of spherically symmetric solutions ds2 =
c2eA(r)dt2 − eB(r)dr2 − r2dΩ of the form [14, 15]
A(r) = −2GM
c2r
− Λ
3
r2 − 32α
r2
B(r) =
2GM
c2r
+
Λ
3
r2 +
96α
r2
, (2)
where we have neglected terms O (α/r2)2 due to the
weak-field limit. As was expected, the parameter α quan-
tifies the deviation of the usual Schwarzschild-de Sitter
solution of GR. With this gravitational potential, the de-
flection angle at non-cosmological scales reads [14, 16]:
βˆ = 4GM/Rc2 + 40piα/R2 , (3)
where R is the impact factor and M is the mass of the
point source.
One could proceed to use relation (3) for confrontation
with solar system data. However, such an application
may be inappropriate for the following considerations.
Firstly, the modification to the bending angle comparing
to GR is independent of the source mass M and depends
only on the deviation parameter α. Hence, the point-
mass approximation has to be strict, meaning that the
impact factor must be much larger than the minimum
radius which encloses most of the point sources. Thus,
application to the lensing effect of the Sun, assuming
that the mass enclosed within its radius can be viewed
as a point-mass, is not consistent. Secondly, the Poisson
equation for the Newtonian potential, which is used in
weak lensing formalism to construct the relation between
tangential shear and ESD profile, is no longer accurate.
Under point-mass approximation, as we shall show later,
the integrated average of ESD profile will encounter a
divergence near R = 0, requiring us to introduce a cut-off
radius. This is also a natural consequence of point-mass
approximation.
On the other hand, in the context of galaxy lensing
the center can be modeled as a point mass source, given
that the projected radius are well exceeding the scale that
encloses most stellar mass component. This scale is typ-
ically much smaller than the scale of reconstructed ESD
profile. Hence, in this regard the weak galaxy-galaxy
lensing offers a better canvas for testing possible devia-
tions from GR.
Weak lensing effects – The effective lensing potential
ψ(~ξ) is defined as:
ψ(~ξ) =
Dds
DdDs
2
c2
∫
Φ(~ξ, z)dz , (4)
where ~ξ is the position on the lens plane and z is the
comoving angular distance to lens plane, while Dds, Dd,
Ds are respectively the angular distances between the
lens and the source, the lens and the observer, and the
observer and the source. In GR this potential can be
directly read from A(r). However, since in deviations
from GR depicted in (2) A(r) and B(r) have asymmetry,
the lensing potential should be calculated via the relation
~β = Dd~∇ξψ (note that ~β = DdsDs
~ˆ
β). Although this equa-
tion does not provide a unique solution, it is expected
that the physical solution should be Φ(1/r) without a
constant. Hence, it leads to
Φ(~ξ, z) = ΦNewton − 20αc
2
r2
, (5)
with r = (ξ2 + z2)1/2. Using the weak lensing formalism
[17] we can calculate the convergence under the relation
κ(ξ) = D2d∇2ξψ/2 as
κ =
4piG
c2
DdDds
Ds
[
Σ(R)− 10αc
2
GR3
]
, (6)
where Σ denotes the surface mass density. It is natural
to define an effective surface mass density Σeff :
Σeff = Σ− 10αc
2
GR3
. (7)
In order to acquire a more transparent picture of the
physical meaning of this modification, we recall the re-
lation between the parameter α and the critical density
of the additional (torsional) energy component Ω0α intro-
duced by αT 2, namely α = c2Ω0α/(18H
2
0 ) [18–20].
As was discussed previously, for this modification to
be applicable, the scale of projected radius much exceed
the scale that encloses most of the stellar mass compo-
nent. As a reasonable consequence it is obvious that
the modification diverges when averaging from 0 to the
projected radius R, suggesting that a cut-off radius Rc
should be imposed. Here we choose Rc = R1/2, where
R1/2 ≈ 0.015R200 is the radius that encloses half of the
stellar mass (note that for a typical halo M200 = 10
12M
at z = 0.1, Rc ∼ 4kpc), which has a universal linear re-
lation to the virial radius of the galaxy [21]. Defining
 ≡ Rc/R, then the modified ESD profile is given by
∆Σeff(R) = ∆Σ(R) +
5c4Ω0α(2− − 2)
9GH20R
3(1 + )
. (8)
Hence, the effect of the induced modification due to the
deviation from GR is
∆Σα(R) ≈ 2.3M
pc2
Ω0α
10−17
(1Mpc
R
)2 1kpc
Rc
(2− − 2
1 + 
)
.
(9)
We consider this effect to be a modification to the regular
ΛCDM halo, which can be modeled as a NFW halo [22].
3FIG. 1. The best-fit ESD profile for general relativity (GR) and possible deviations (Beyond GR). The horizontal axis is
the projected distance away from the lens galaxy, while the vertical axis corresponds to lensing signals from the component
and total ESD profiles. The data points are galaxy-galaxy lensing measurements around spectroscopic galaxies within different
Stellar mass bins. The errors are estimated based on bootstrap sampling. The NFW (orange-dotted) curves correspond to the
GR-ΛCDM case, while the green-dotdashed curves correspond to beyond GR effects. The (black-solid) data can be best fitted
by the “total” (blue solid) curves which is the sum of the NFW and beyond GR profiles. Finally, the two parameters to model
NFW are the virial mass and the off-center distribution between galaxies and their real halo potential centers.
Accordingly, for consistency we require α, or equivalently
Ω0α, to be small in order not to affect the halo formation
[23, 24].
Results – We have now all the machinery to proceed to
the confrontation of GR and its possible deviation with
weak lensing data. We use data selected from group cata-
log built based on SDSS DR7 [25] in [26, 27]. The samples
are then sub-divided into different stellar mass bin similar
to the approach in [7]. The NFW profile can be modeled
according to [28], with the additional consideration of the
off-center effect and stellar component. We present the
detailed description of this selection in the Appendix.
We adopt the concentration-mass relation proposed in
[29] to reduce the number of free parameters, which in
our case are the virial mass M200, the signature radius of
off-center effect Rsig, and α.
We mention that in principle there could be mecha-
nisms that could modify the simple NFW ESD profile
even in the framework of GR, such as the sub-halo con-
tribution [30] as well as the large error bars at small scales
for observational data. However, given the observational
data we can assume that the only additional effect domi-
nating ESD at small scales is the ∆Σα, described above.
Thus, fitting the model at hand with an off-center NFW
profile, we can eventually extract the upper bound of the
deviation parameter α.
In Fig. 1 we present the results of our fitting analysis.
Notice that for each stellar mass bin, we set α to be an
independent parameter for each fit, demonstrating the
effect of ∆Σα. Since the typical Rc is much smaller than
the smallest scale in the plot (∼50 kpc), the contribution
coming from ∆Σα is a simple power law of R. As the data
indicate, additional effects on small scales should lift the
ESD profile, suggesting a positive α. As we can see, the
data can be best fitted by the “total” curve, which is the
sum of the NFW and beyond GR profiles.
4We mention that for these five sets of data there seems
to be two independent patterns of ∆Σα. For the first,
second and last stellar mass bins, ∆Σα roughly behaves
as ∼ 10M/pc2 at small scales of R ∼ 50kpc, while the
third and fourth set exhibits a different pattern by go-
ing to one order of magnitude higher. This could be
interpreted as an indication that there may be a more
complicated theory in which α could vary according to
the mass scale of the approximated point source. Nev-
ertheless, it is also highly likely that the second pattern
is a consequence of poorly measured ∆Σ at intermediate
scales around 500 Mpc. For these two stellar bins, the
measurement of ∆Σ deviates from an anticipated NFW
power-law-like shape, leading to a rather huge off-center
effect which suppresses the small scale profile. Therefore,
we conclude that a universal constant α can be consistent
with the observational measurements.
Let us now estimate the upper bound for the param-
eter α. For this it is adequate to use the fitting of the
first stellar mass bins described above, since even if the
other mass bins are included it would not have a sizeable
impact on the results, due to the fact that the error bar
of each measurement is roughly fractional to the mean
value (we have verified that fitting α to all the mass bins
does not alter the results, since the constraint is more
sensitive to smaller mass bins). In summary, the upper
bound of the parameter α that quantifies the deviation
from GR is:
α ≤ 0.76+2.45−0.58pc2 ,
or equivalently:
log10 Ω
0
α ≤ −18.16± 0.63 . (10)
Hence, as we can see, the galaxy-galaxy weak lens-
ing analysis implies that GR is verified to an order of
∼ 10−18, and any possible deviation beyond GR on
galaxy scales should have this upper bound. This con-
straint is many orders of magnitude smaller than the
corresponding one at the Solar System level [31, 32]
(log10 Ω
0
α . −10).
As a final self-consistency examination we estimate the
quantity α/r2. In particular, at the length scales of our
data it becomes α/r2 ∼ 10−8, and thus we deduce that
the higher-order terms were safely neglected from the so-
lution (2) and the subsequent analyses. Additionally, we
desire to check whether the above upper bound on the de-
viation from GR is consistent with structure formation.
An easy way to see this is by examining the modified
Poisson equation for gravitational potential and matter
overdensity at sub-horizon quasi-static approximation:
k2φ = 4piGeffa
2δρ, in which the modification brought by
beyond GR effects is Geff/G = 1/(1+2αT/c
2) [33]. With
the above bound on α we obtain |1−Geff/G| ≈ 10−19, and
thus our analysis is consistent with the observed struc-
ture formation.
Conclusions.– In this Letter we have applied the data
from galaxy-galaxy weak lensing to test GR. To demon-
strate the strong constraints upon deviations from GR,
we have particularly considered the torsional formula-
tion of gravity by introducing a new deviation parame-
ter α. By calculating the deflection angle in this type
of modified gravity, we are able to derive the modified
ESD profile, which is mainly affected at small scales.
Therefore, confronting the theoretical predictions with
weak lensing data from group catalog built based on
SDSS DR7 [26, 27], we are able to extract the up-
per bound on α, which expressed through the dimen-
sional percentage in the universe energy content reads
as log10 Ω
0
α ≤ −18.16 ± 0.63. To our knowledge, this is
for the first time that GR has been verified at such an
accuracy at the aforementioned scales.
We end by highlighting the implications of the reported
probe that could initiate future studies from several per-
spectives. In this work we performed the galaxy-galaxy
weak lensing test on GR and its possible modification
using the torsional formalism. It is also interesting to
perform a similar analysis to constraint cosmological sce-
narios beyond ΛCDM [34] or modifications such as the
f(R) gravity [35]. However, as shown in this Letter, for
the extension beyond GR which is of general validity
at low-redshift universe and weak fields, quantified by
a single parameter, we extracted very strong constraints.
Phenomenologically, a crucial outcome from our study is
that, even for the Infrared modifications of GR that may
have cosmological implications at large scales, their Tay-
lor expansion naturally generate high curvature/torsion
terms that shall be immediately strongly bounded by the
results reported in this Letter. On one hand, the present
analysis sheds light on the motivation of theoretical inves-
tigations on the possible modifications to GR from fun-
damental theories or effective field theory descriptions,
which could yield slightly small deviation from GR. On
the other hand, in the era of precision astronomy, a com-
bination of various observational windows of astronomi-
cal surveys can impose tighter and tighter probes to GR
and possibly alternative theories.
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6Appendix
Lenses.– The lenses are from group catalog built based
on SDSS DR7 [26], namely 472419 groups out of which
368020 are with halo mass estimation based on abun-
dance matching. In order to minimize the effects of
nearby structures we only select single galaxy systems
which further reduce the number to 326172. The samples
are sub-divided into different stellar mass bins, similar to
[7], while increasing the number of samples and including
a higher stellar mass bin. The basic statistical properties
of the binning of the sample are given in Table I.
log10Mst range Nsat 〈z〉 〈log10Mst〉 〈log10Mh〉
8.5-10.5 145 298 0.091 10.266 11.995
10.5-10.8 104 773 0.123 10.648 12.441
10.8-10.9 28 833 0.143 10.848 12.748
10.9-11.0 22 427 0.155 10.946 12.922
11.0-11.8 24 841 0.165 11.087 13.237
TABLE I. Properties of the lens samples created for this
Letter.
Sources.– The source catalog based on SDSS DR7 is
from [27]. The Excess Surface Density (ESD) is related
to the stacked shape by the geometry factor Σcr through
γT (R)Σcr = ∆Σ(R). Instead of measuring γT , it is more
convenient to directly measure ∆Σ(R) as a whole by ap-
plying both photometric and spectroscopic redshift so
that
∆Σ(R) =
1
2R
∑
l,s wl,set,ls[Σ
−1
cr,ls]
−1∑
l,s wl,s
. (11)
R is the responsivity of shear given a shape estimator,
and we use a universal shear responsivity by using the
shape distribution of the source sample that R = 1 −∑
l,s e
2
rmswl,s/
∑
l,s wl,s. The weight contains not only
shape noise and measurement error, but additionally the
geometry factor Σcr, namely wl,s = (Σ
−1
cr,ls)
2/(σ2e+e
2
rms),
where σe is the shape noise and erms is the error caused
by the sky background noise and Poisson noise of each
galaxy. Finally, l, s denotes each lens-source pair system.
The major systematics arise from photometric redshift
error [36, 37], which can lead up to 3% systematic errors
in lensing measurements. Moreover, we apply the boost
factor to account for the other contamination caused by
photometric error, which leads to misidentification of
low-z galaxies as high-z galaxies. The boost factor is
actually the ratio between the number of galaxies within
radius for the lens sample and random points of a survey
B(r) = n(R)/nrand(R), and therefore the final measured
ESD is multiplied by this factor.
NFW halo.– The ESD of a dark matter halo is typ-
ically modeled as an NFW halo (for analytical expres-
sions of ΣNFW one can refer to [28]) with off-center ef-
fect. The NFW halo profile consists of two parame-
ters, the characteristic mass scale M200 and the con-
centration c. We adopt the following concentration-
mass relation to reduce the degree of freedom [29]: c =
4.67(M200/10
14h−1M)−0.11. For a realistic description
of lens galaxy, the total ESD is a sum of several compo-
nent:
∆Σ(R) = ∆Σhost + ∆Σsub + ∆Σ∗ + ∆Σ2h , (12)
where host halo, satellite halo, stars and two-halo com-
ponent are included. For a single off-center radius Roff ,
the ESD profile changes to [38]:
Σ(R|Roff) = 1
2pi
∫ 2pi
0
ΣNFW(
√
R2+R2off +2RoffR cos θ)dθ ,
(13)
while the actual ESD profile of the host halo is the con-
volution between the off-center radius and Σ(R|Roff),
i.e. Σhost =
∫
dRoffP (Roff)Σ(R|Roff), where P (Roff) =
exp[−(Roff/Rsig)2/2]Roff/R2sig. For ∆Σ∗, the stellar mass
component can be simply treated as a point mass [39],
namely ∆Σ∗(R) = M∗/(2piR2), where M∗ is the stellar
mass of candidate central galaxy.
The 2-halo term can be calculated through the halo-
matter correlation function [40]. As shown in [41], the
2-halo term remains trivially small below the scale of 1
Mpc and becomes significant at larger scales. Thus, for
the first two stellar mass bins used in our data, we have
neglected the largest R when fitting the ESD since at
that scale the measured ∆Σ is below 1 M/pc2.
There is some possibility that the candidate lens galaxy
is not the true central galaxy and may contain the sub-
halo component. In addition, in the group finder, there
are some possibilities that the central galaxy is an inter-
loper and may contain its original host halo component.
Hence, usually a sub-halo component ∆Σsub will be in-
cluded. However, as this component also affects mainly
the small scales, introducing it leads to degeneracy be-
tween ∆Σα and ∆Σsub. Thus, we neglect this term for
our modeling and we deduce that this estimation is the
upper bound of α.
